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Abstract. Given a manifold M with an action of a quadratic Lie algebra 0, such that all 
stabilizer algebras are co-isotropic in 0, we show that the product M x becomes a Courant 
algebroid over M. If the bilinear form on is split, the choice of transverse Lagrangian 
subspaces 0i, 02 of defines a bivector field 7r on M, which is Poisson if (0, 0i, 02) is a Manin 
triple. In this way, we recover the Poisson structures of Lu-Yakimov, and in particular 
the Evens-Lu Poisson structures on the variety of Lagrangian Grassmannians and on the 
de Concini-Procesi compactifications. Various Poisson maps between such examples are 
interpreted in terms of the behaviour of Lagrangian splittings under Courant morphisms. 
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0. Introduction 

Let t) be a (real or complex) Lie algebra, equipped with an invariant symmetric bilinear 
form of split signature. A pair 0i,02 of transverse Lagrangian subalgebras of defines a 
Manin triple (D, 01,02)- Manin triples were introduced by Drinfeld [10] , and are of funda- 
mental importance in his theory of Poisson Lie groups and Poisson homogeneous spaces. 
In their paper [12], S. Evens and J.-H. Lu found that every Manin triple defines a Poisson 
structure on the variety X of all Lagrangian subalgebras d. If q is a complex semisimple 
Lie algebra, and d = g © (where q carries the Killing form and q indicates the same Lie 
algebra with the opposite bilinear form), then one of the irreducible components of X is 
the de Concini-Procesi 'wonderful compactification' of the adjoint group G integrating q. 
More recently, J.-H. Lu and M. Yakimov [19] studied Poisson structures on homogeneous 
spaces of the form D/Q, where D is a Lie group integrating D, and Q is a closed subgroup 
whose Lie algebra is co- isotropic for the inner product on d. Their results show that if 
M is a D-manifold such that all stabilizer algebras are co-isotropic, then the Manin triple 
(f 5 0l)02) defines a Poisson structure on M. 

In this paper, we put this construction into the framework of Courant algebroids. Suppose 
M is a manifold with a Lie algebra action a:MxD-> TM. We show that the trivial bundle 
M x d carries the structure of a Courant algebroid, with a as the anchor map, and with 
Courant bracket extending the Lie bracket on constant sections, if and only if all stabilizer 
algebras are co-isotropic. If this is the case, any Lagrangian subalgebra of d defines a 
Dirac structure, and Manin triples (fl, 01,02) define pairs of transverse Dirac structures. In 
turn, by a result of Mackenzie-Xu |20| . any pair of transverse Dirac structures determines 
a Poisson bivector ir. In this way, we recover the Lu- Yakimov Poisson bivector. Various 
Poisson maps between examples of this type are interpreted in terms of the behaviour under 
Courant morphisms. 

More generally, we give an explicit formula for the Schouten bracket [ir, ir] for the bivector 
resulting from any pair of transverse Lagrangian subspaces (not necessarily Lie subalgebras). 
If is a Lie algebra with invariant inner product, then f = ©0 with Lagrangian splitting 
given by the diagonal 0a = {(x, x)\ x € 0} and the anti-diagonal 0_a = {(x, —x)\ x € 0} is 
a typical example. The obvious 0-action on the Lie group G integrating has co-isotropic 
(in fact Lagrangian) stabilizers, and the bivector defined by (Z>, 0a> 0-a) is the quasi- Poisson 
structure on G described in [2J[3]. In a similar fashion, one obtains a natural quasi- Poisson 
structure on the variety of Lagrangian subalgebras of © 0. 

Our theory involves some general constructions with Courant algebroids, which may be 
of independent interest. Suppose A — > N is a given Courant algebroid. We introduce the 
notion of an action of a Courant algebroid A — > N on a manifold M, similar to the Higgins- 
Mackenzie definition of a Lie algebroid action [15]. A Courant algebroid action is given 
by two maps M — » N, g: <I>*A — * TM with a suitable compatibility condition, and we 
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show that the vector bundle pull-back <3?*A acquires the structure of a Courant algebroid, 
provided all 'stabilizers' ker(^ m ) are co-isotropic. 

The organization of this article is as follows. Section [T] gives a review of Courant al- 
gebroids A — > M, Dirac structures, and Courant morphisms. In Section [2] we discuss 
coisotropic reductions of Courant algebroids, which we then use to define pull-backs <£ ! A 
under smooth maps. Such a pull-back is different from the vector bundle pull-back <I>*A, 
and to define a Courant algebroid structure on the latter we need a Courant algebroid ac- 
tion ($, q) with co-isotropic stabilizers. In Section [3] we consider Lagrangian sub-bundles of 
Courant algebroids. We show that the Courant tensors of Lagrangian sub-bundles behave 
naturally under 'backward image', and give a simple construction of the bivector tt for a La- 
grangian splitting as the backward image under a 'diagonal morphism'. We give a formula 
for the rank of tt and compute its Schouten bracket [7r,7r]. Finally, we present a compati- 
bility condition for Lagrangian splittings relative to Courant morphisms, which guarantees 
that the underlying map of manifolds is a bivector map. Section 0] specializes the theory to 
Courant algebroids coming from actions of quadratic Lie algebras, and puts the examples 
mentioned above into this framework. In Section [5] we consider the Lagrangian splittings 
of M x coming from Lagrangian splittings of 0. In the final Section [6] we show how to 
interpret the basic theory of Poisson Lie groups from the Courant algebroids perspective. 

Acknowledgements. We would like to thank Jiang-Hua Lu for discussions, and for de- 
tailed comments on a first version of this paper. We also thank Henrique Bursztyn, Yvette 
Kosmann-Schwarzbach, and Pavol Severa for several helpful remarks. D.L.-B. was sup- 
ported by an NSERC CGS-D Grant, and E.M. by an NSERC Discovery Grant and a 
Steacie Fellowship. 

1. Courant algebroids 

1.1. Definition of a Courant algebroid. The notion of a Courant algebroid was intro- 
duced by Liu-Weinstein-Xu [18J to provide an abstract framework for Courant's theory 
of Dirac structures [U |9] . The original definition was later simplified by Roytenberg [22] 
(based on ideas of Severa [25J) and Uchino [27\ to the following set of axioms. See Kosmann- 
Schwarzbach [T7] for a slightly different version. 

Definition 1.1. A Courant algebroid over a manifold M is a quadruple (A, (•,•), a, [•,•]), 
consisting of a vector bundle A — ► M, a non-degenerate bilinear form (inner product) (•, •) 
on the fibers of A, a bundle map a : A — > TM called the anchor, and a bilinear Courant 
bracket [•, •] on the space T(A) of sections, such that the following three axioms are satisfied: 

Cl) [Xl, [x 2 ,Z 3 ]] = [[X1,X 2 ],2 3 ] + [X 2 , [X1,X 3 ]], 

c2) a(xi)(x 2 ,x 3 ) = ([xi,x 2 l, x 3 ) + (x 2 , [xi,x 3 ]), 
c3) [xi,x 2 ] + [x 2 ,xij = a*(d(xi,x 2 )), 

for all sections xi,x 2 ,a; 3 6 T(A). Here a* is the dual map a*: T*M — > A* = A, using the 
isomorphism given by the inner product. 
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Axioms cl) and c2) say that \x, •] is a derivation of both the Courant bracket and of the 
inner product, while c3) relates the symmetric part of the bracket with the inner product. 
From the axioms, one can derive the following properties of Courant algebroids: 

pi) [xi, fx 2 ] = f{xi,x 2 j + (a(xi)/)x 2 , 

p2) a([aji,x 2 ]) = [a(a?i),a(a;2)], 

p3) a o a* = 0, 

p4) [x,a*(/i)l =a*(C a{x) n), 

p5) [a*(jj),xj = -a*(ia (a .)dp) 

for / G C°°(M), \x G 1 (M), and with C v , i v denoting Lie derivative, contraction relative to 
a vector field v. The properties pi) and p2) are sometimes included as part of the axioms; 
their redundancy was first observed by Uchino [27] • The basic examples are as follows: 

Examples 1.2. (a) A Courant algebroid over M = pt is just a quadratic Lie algebra, i.e. 
a Lie algebra g with an invariant non-degenerate symmetric bilinear form, 
(b) The standard Courant algebroid TM over a manifold M is the vector bundle TM = 
TM © T*M, with a : TM -> TM the projection along T*M, and with inner product 
and Courant bracket 

(v 2 ,fi 2 )) = hifJ'l + ^i^2, 

(w 2 ,// 2 )] = ([Ul,«2], ^oi M2 - t^d/ii), 

for vector fields V{ € 3t(M) and 1-forms \ii G J7 1 (M). More generally, given a closed 
3-form 7j € f2 3 (M) one defines a Courant algebroid TM^', by adding an extra 
term (0, i V2 L Vl n) to the Courant bracket. By a result of Severa, a Courant algebroid 
A — > M is isomorphic to TM^) if and only if it is exact, in the sense that the 
sequence 

-» T*M A ^ TM -> 

is exact. 

1.2. Dirac structures. A subbundle E C A of a Courant algebroid is called a Dirac 
structure if it is Lagrangian (i.e. I? -1 " = £7) and if its space T(E) of sections is closed 
under the Courant bracket. This then implies that E, with the restriction of the Courant 
bracket and the anchor map, is a Lie algebroid. For any Dirac structure, the generalized 
distribution a(E) C TM is integrable in the sense of Stefan-Sussmann, hence it defines a 
generalized foliation of M. 

The lack of integrability of a given Lagrangian subbundle E C A is measured by the 
Courant tensor T E G r(A 3 £*), 

T E (x 1 ,x 2 ,x 3 ) = (x 1 , {x 2 ,x 3 j), Xi £ T(E). 

(Using the Courant axioms, one checks that the right hand side is tensorial and anti- 
symmetric in x\,x 2 ,X3 G T (£").) 

Example 1.3. Let vr G X 2 (M) = T(A 2 TM) be a bivector on M. Then the graph of vr, 

Gr^ = {(vr,/i)| n G T*M} C TM 

is a Lagrangian subbundle. Conversely, a Lagrangian subbundle of TM is of the form Gr,,- 
if and only if its intersection with TM is trivial. Using the pairing of TM and Gr^ given 
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by the inner product, we may identify Gr* = TM and hence view the Courant tensor of 
Gr,r as a section of A 3 TM. A direct calculation using the definition of the Courant bracket 
on TM shows [8] 

(1) T G ^ = i[7r,7r] 

where [it, tt] is the Schouten bracket of multi-vector fields. Thus Gr„- is a Dirac structure if 
and only if tt is a Poisson bivector. 

1.3. Courant morphisms. Suppose A, A' are Courant algebroids over M, M'. We denote 
by A the Courant algebroid A with the opposite inner product. Given a smooth map 
$ : M -> M' let 

Graph($) = {($(m), m)\m E M} C M' x M 

be its graph. The notion of a Courant morphism is due to Severa [26J (in terms of NQ 
manifolds) and Alekseev-Xu [5], see also [71 121j. 

Definition 1.4. Let A, A' be Courant algebroids over M, M'. A Courant morphism R$ : A —-> 
A' is a smooth map <3? : M — > M' together with a subbundle 

R* C (A' x A)| Graph(<I>) 

with the following properties: 

ml) is Lagrangian (i.e. R$ = i?$). 

m2) The image (a' x a)(ii$) is tangent to the graph of <£. 

m3) If x±,X2 £ r(A' x A) restrict to sections of then so does their Courant bracket 
lxi,x 2 ]. 

The composition of Courant morphisms is given as the fiberwise composition of relations: 
-R*o$ = Ry R$- (One imposes the usual transversality conditions to ensure that this 
composition is a smooth subbundle.) For a Courant morphism R$ : A — » A', and elements 
x G A, x 1 G A', we write £ x' if (x',x) £ i?^,. Similarly, for x € r(A),x' € T(A') we 
write x x' if x' x x restricts to a section of i?$ . The definition of a Courant morphism 
shows that for all sections Xj € T(A), £■ £ r(A') 

^i ~ J R <S , z'i, x 2 x' 2 => [xi,x 2 ] [xi,x' 2 ], (xi,x 2 ) = ^(x^x^). 
From now on, we will often describe the subbundle i?$ in terms of the relation . 

Examples 1.5. (a) An automorphism of a Courant algebroid is an invertible morphism 
i?$ : A — » A, with $ = idM the identity map on M. 

(b) A morphism A — > to the zero Courant algebroid over a point pt is the same thing 
as a Dirac structure in A. 

(c) Suppose <&: M — > M' is a given map, A, A' are Courant algebroids over M,M', 
and R C A' x A is a Dirac structure whose foliation is tangent to the graph of <£. 
Then the restriction R$ = -R|Graph($) is a Courant morphism. However, not every 
Courant morphism arises in this way: For instance, the bracket on T(i?$) need not 
be skew-symmetric. 

(d) Associated to any smooth map <!>: M — > M' is a standard morphism i?$ : TM — » 
TM', where 
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(e) If g,g' are quadratic Lie algebras (viewed as Courant algebroids over a point), a 
Courant morphism R : g — » g' is a Lagrangian subalgebra of q' © q. 

Another example is described in the following Proposition. 

Proposition 1.6 (Diagonal morphism). Let A — ► M be any Courant algebroid, anddiag: M 
M x M the diagonal embedding. There is a Courant morphism 

.Rdiag: TM --+ A x A 

given by 

(v, A*) ~R diag (x, y) v = a(x), x-y = a>. 

Proof. Write f(x,fi) = (x,x — a*(/x), a(x), /i), so that i?diag is spanned by the elements 
f(x,fi) with (a;, fjt) G A T*M. The subbundle -Rdiag is Lagrangian since 

(f(x,v), f(x,n)) = (x,x) - (x - a*(fi),x- a*0)) - 2t a(a .)/x = 0. 

Using p3), we see that the image of f(x,fi) under the anchor map for A x A x TM is 
(a(x), a(x), a(x)) which is tangent to the graph of diag. Now let x%,X2 £ T(A) and ^i,f^2 G 
T(T*M). Then f(xi, fa) are sections of A x A x TM that restrict to sections of i?diag- Using 
p4), p5) we obtain 

/(»2,M2)] = /(a, At) 

with x = [xi,X2], At = j ^a(a:i)A i 2 — t a(x 2 ) ( iA t i- Hence, the Courant bracket again restricts to 
a section of i?diag- This completes the proof (cf. [TJ Remark 2.5]). □ 

2. Constructions with Courant algebroids 

In this section we describe three constructions involving Courant algebroids. We begin by 
discussing a reduction procedure relative to co-isotropic subbundles. We then use reduction 
to define restrictions and pull-backs $ A of Courant algebroids. Finally, we introduce the 
notion of a Courant algebroid action, and describe conditions under which the usual pull- 
back as a vector bundle <!>*A acquires the structure of a Courant algebroid. 

2.1. Coisotropic reduction. The reduction procedure is frequently used to obtain new 
Courant algebroids out of old ones. See [6] and [28] for similar constructions for the case 
of exact Courant algebroids. 

Proposition 2.1. Let S C M be a submanifold, and C C Ajg a subbundle such that 

rl) C is co-isotropic (i.e. C 1 - dC), 
r2) a(C) C TS, a(C ± ) = 0, 

r3) ifx,y G T(A) restrict to sections of C , then so does their Courant bracket. 

Then the anchor map, bracket and inner product on C descend to Ac = C/C , and make 
Ac into a Courant algebroid over S. The inclusion $ : S M lifts to a Courant morphism 

: A c --4 A, y ~ R<i) x <^> x G C, y = q(x) 

where q: C — > Ac is the quotient map. 
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Proof. By rl),r2) the inner product and the anchor map descend to Ac. We want to define 
the bracket on Ac by 

lq(x\s),q{y\s)j = q{{x,y]\s), 

for any sections x, y € T(A) that restrict to sections of C. To see that this is well-defined, 
we must show that the right hand side vanishes if q(x\s) = or if q(y\s) = 0. Equivalently, 
letting x,y,z € T(A) with x\s, y\s, z\s S r(C), we must show that {\x, y},z) vanishes on 
S if one of the two sections x\s, y\s takes values in C^. (i) Suppose y\s € r(C J -). Then 

([x,v},z) = a(x)(y,z) - (y, [x,zj) 

vanishes on 5, since (y, z)\$ = and a(x) is tangent to S. (ii) Suppose x\s € r(C J -). Then 

(lx,yj,z) = -({y,xj,z) + (d(x,y),a(z)) 

vanishes on S: The first term vanishes by (i), and the second term vanishes since (x, y)\s = 
and consequently d(x,y)\s £ (r(ann(TS')). The Courant axioms for Ac follow from the 
Courant axioms for A. □ 

Example 2.2. Suppose ker(a) = C is a smooth subbundle of A, as happens for example if 
the anchor map a is surjective. Then C 1 - = ran(a*), and Ac is a Courant algebroid with 
trivial anchor map. That is, Ac is simply a bundle of quadratic Lie algebras. 

Remark 2.3. Assume S = M, and let C C A be as in the Proposition. Write R = i?$ where 
<3? = idA/. Let R l : A -~» Ac be the transpose of R, i.e. (y,x) £ S f ^ (x,y) £ R. Then 
R l o R is the identity morphism of Ac, while the composition T = Ro R l : A--+A satisfies 
T o T = T. Explicitly, 

x ~t x' <3> x, x G C, q(x) = q(x'). 
This is parallel to a construction in symplectic geometry, see Guillemin-Sternberg |14j . 

2.2. Pull-backs of Courant algebroids. Let A — > M be a given Courant algebroid, with 
anchor map a : A — > TM. 

Proposition 2.4. Suppose S C M is an embedded submanifold, and assume that a is 
transverse to TS, in the sense that 

(2) TM\ s = TS + van(3)\ s . 
Then 

(3) A s :=a- 1 (TS)/a*(ann(TSr\ran(a))) 

is a Courant algebroid As — > <S called the restriction of A to S 1 . One has rk(A^) = rk(A) — 
2dimM + 2dimS\ The inclusion <£: S <^-> M Zi/ts to a Courant morphism As — ■* A. 

Of course, the restriction A§ as a Courant algebroid is different from the restriction A|s 
vector bundle. 

Proof. The transversality condition ensures that C = a~ 1 (TS) is a smooth subbundle. We 
verify the conditions from Proposition l2.il rl) and r2) follow since ker(a) C C, hence 

C ± C ker(a) ± = ran(a*) C ker(a) C C. 

Condition r3) follows from p2), and since the Lie bracket of two vector fields tangent to S 
is again tangent to S. To describe C , note that a*fi is orthogonal to C if and only if \i 
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annihilates all elements of a(C) = TS'nran(a). Hence C = a*(ann(TS'nran(a))). Since C 
is the kernel of a surjective map A\s © TS — > TM\s, one obtains rk(C) = rk(A) — dim M + 
dimS 1 . Consequently rk(C^) = dimM — dimS, and the formula for rk(Ao) follows. □ 

Remark 2.5. The transversality condition ([2]) may be replaced by the weaker assumption 
that C is a smooth subbundle. Note also that the transversality condition is automatic 
if ran(a) = TM, e.g. for exact Courant algebroids. For this case, restriction of Courant 
algebroids is discussed in [6], Lemma 3.7] and in [I3j Appendix]. 

Restriction to submanifolds generalizes to pull-back under maps: 

Definition 2.6. Suppose <3?: S — > M is a smooth map whose differential d<£: TS — » TM is 
transverse to a : A — > TM. We define a pull-back Courant algebroid <5 ! A — > S by restricting 
the direct product A x TS 1 — ► M x S 1 to the graph Graph($) = S. (The shriek notation is 
used to distinguish &A from the pull-back as a vector bundle.) 

Explicitly, we have the following description: 

Proposition 2.7. The pull-back Courant algebroid is a quotient <I> ! A = C/C 1 - where 

C = {(x;v,fi) G A x TS, (d&)(v) = a(x)}. 

C ± = {(a*A; 0,i/) | (d$)*A + i/ G ann((d$)- 1 ran(a))}. 

One /ias rk($ ! A) = rk(A) - 2(dimAf - dim 5). 

Proof. This is just a special case of Proposition 12. 41 Let us nevertheless give some details 
on the computation of C . As in the proof of Proposition 12.41 is contained the range 
of the dual of the anchor map. Hence, elements of are of the form (a*A, (0, u)) with 
A G T*M and v G T*S. Pairing with (x;v,fi) G C we obtain the condition 

= <(a*A;0,i/), (*;«,/*)) 
= (A, a (a;)) + 
= (A, d*(«)) + («/,«) 
= {(d$)*\ + v,v). 

Thus, (a*A;0,i/) G C ± if and only if + v G T*5 annihilates all v e TS with 

d$(u) G ran(a). □ 

Note that for ran(a) = TM (e.g. exact Courant algebroids) the description of C 1 - 
simplifies to the condition (d < I ) )*A + v = 0. 

Proposition 2.8. If S — > M is an embedding, with a transverse to TS, then the pull- 
back <3? ! A is canonically isomorphic to the restriction of A to S. 

Proof. Recall that Ag = a _1 (TS')/a*(ann(rS' n ran(a))). The inclusion 

i>: 3 -\TS) -.(Ax TS)[ Graph(<I)) , x h- (x;a(s),0), 

takes values in C, with ifj(a~ 1 (TS))r\C ± = ^(a*(ann(TS'nran(a)))). The resulting inclusion 
As — > $'A is an isomorphism of vector bundles by dimension count, and it clearly preserves 
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inner products. It is an isomorphism of Courant algebroids since for all sections x±,x 2 E 
T(A), such that xi|s, x 2 \s take values in As, the Courant bracket x = [£1,22] satisfies 

[Oi;a(a;i),0), (x 2 ; a(x 2 ), 0)]| Graph($) = (|xi,x 2 I; [a(>i), a(x 2 )], 0)| G raph(*) 

= ( {X\ , X 2 j ; a ( \xi , X 2 \ ) , 0) | G raph($) 

= il>([x 1 ,x 2 ]\s). □ 
Proposition 2.9. For any smooth map S — > M, one /ias a canonical isomorphism 

$ ! (TM) = TS. 
Proof. If A = TM the bundle C C (TM x TS 1 )] 

Graph($) has the description, 

C7 = {(d$(u),A; v,n)\ A G T*M, v E TS}. 

The bundle TS is embedded in C as the subbundle defined by A = 0, and it defines a 
complement to the subbundle C 1 - given by the conditions v = 0, /i = — (d<E>)*A. Since 
the inclusion TS — > C preserves Courant brackets, this shows CjC^ = TS as Courant 
algebroids. □ 

Proposition 2.10. There is a canonical Courant morphism 

(4) P$:&A— >A 
lifting $ : S — > M. Explicitly, 

V ~P$ 1 <S> 3u G TS: a(x) = d<3?(ti), (x;t>,0) £ C maps to y. 

Note that as a space, P$ is the fibered product of A and TS over TM. It is a smooth 
vector bundle over S = Graph(<3?) since a is transverse to d<I> by assumption. 

Proof. We factor $ = $1 o $ 2 , where <3?2 : £ — > M x 5 is the inclusion as Graph(<I>), and 
$1 : M x S 1 — ► M is projection to the first factor. Since $ ! A = (A x TS^^,..^^), there is 
a canonical Courant morphism i?$ 2 : $>A — > A x TS 1 as explained in Proposition 12.41 The 
Lagrangian subbundle R§ 2 consists of elements of the form (x; v, \x\ y) with (x;v,fi) £ C 
mapping to y E C/C^. On the other hand, the projection map $1 : M x S — > M lifts 
to a Courant morphism : A x TS — ■» A (given as the direct product of the identity 
morphism A — » A with the standard morphism TS — ► T(pt) = pt). Thus i? < i> 1 is given by 
elements of the form (x; x; u, 0) with x E A and i> E TS 1 . Composition gives the Courant 
morphism P$ : <1> ! A — » A as described above. □ 

Our construction of a pull-back Courant algebroid is similar to the notion of pull-back Lie 
algebroid, due to Higgins-Mackenzie [15]. Suppose E — > M is a Lie algebroid with anchor 
map a : F — > TM, and $ : 5 -> M is a smooth map such that a is transverse to d<3?. One 
defines 

(5) $ ! F = {(x, V )| d^) = a( I )}c(i?xrS)| GrapllW . 

By the transversality assumption, this is a subbundle of rank rk(<l? ! F) = rk(F) — dim(M) + 
dim(S'). Given two sections of E x TS 1 whose restriction to Graph($) takes values in & E, 
then so does their Lie bracket. Furthermore, if one of the two sections vanishes along 
Graph(<I>), then so does their Lie bracket. This defines a Lie bracket on T(&E), making 
& E into a Lie algebroid. If E is a Lagrangian sub-bundle of A — > M, and such that d$ 
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is transverse to both a, s\e, then <fr'E is embedded as a Lagrangian sub-bundle of $ ! A 
by the map — * <I> ! A, taking (x,v) G E x TS 1 with a(x) = d&(v) to the equivalence 
class [(x; v, 0)] G ^'A of (x; v, 0) € C. Clearly, if E is a Dirac structure, then the Courant 
bracket on <£ ! A restricts to the Lie algebroid bracket on &E, and in particular &E is a 
Dirac structure in $ ! A. 

2.3. Actions of Courant algebroids. The pull-back <£ ! A of a Courant algebroid is dif- 
ferent from the pull-back as a vector bundle <1>*A. In order to define a Courant algebroid 
structure on <£*A, one needs the additional structure of an action of A on the map such 
that all stabilizers of the action are co-isotropic. Here actions of Courant algebroids may 
be defined in analogy with the actions of Lie algebroids [15]: 

Definition 2.11. Suppose A — > M is a Courant algebroid. An action of A on a manifold S 
is a map <3?: S — > M together with an action map g: T(A) — > X(S) satisfying 

d<I> o q(x) = a(x), 

[g{x),g(y)] = g(Jx,yf), 

g(fx) = $7 q{x). 

for all x, y G T(A) and / G C°°(M). 

The last condition shows that £> defines a vector bundle map (denoted by the same letter) 
(6) g:$*A^TS. 

For each s G S, the kernel of the map g s : A$( s \ — > T^S" is called the stabilizer at s. 

Theorem 2.12. Suppose the Courant algebroid A — ► M acis on S" wrai/i co-isotropic stabi- 
lizers. Let S 1 — > M and o: A — > TS 1 6e i/ie maps defining the action. Then the pull-back 
vector bundle <£*A carries a unique structure of Courant algebroid with anchor map g, 
such that the pull-back map on sections 3>* : T(A) — > r(<I>*A) preserves inner products and 
Courant brackets. If E C A is a Dirac structure, then q\e is an action of the Lie algebroid 
E on S, and the resulting Lie algebroid structure on Q*E coincides with that as a Dirac 
structure in 3>*A. 

Proof. Consider the direct product Courant algebroid A x TS over M x S. For /i G il 1 (S') 
and x e T(A), let 

f(x,fi) = (x;g(x),fi) eT(AxTS). 

The image of f(x, fj) under the anchor map is the vector field (a(x), g(x)), which is tangent 
to the graph of $ since d<&(g(x)) = a(x). The Courant bracket between two sections of this 
form is \f(xi, /ii), f(x 2 , ^ 2 )] = f(x,fi) with x = {x 1 ,x 2 j and // = £ e ( xi )jti 2 - fcg^d/ii. Let 
C C (A x TS')|Graph(4>) be the subbundle spanned by the restrictions of f(x, fj,) to the graph 
of <3?. This is a co-isotropic subbundle, since its fiber at (<£(s),s) contains the co-isotropic 
subspace ker(/9 s ) x T*S. Its orthogonal is given by 

C ± = {(-g*v;Q,v)\ v G T*S}. 

(Indeed, it is easy to check that the elements on the right hand side lie in C . Equal- 
ity follows since rk(C) = rk(A) + dim S, hence rk(C ± ) = rk(A x TS) - rk(C) = dim 5.) 
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Since the co-isotropic subbundle satisfies all the conditions from Proposition 12.14 the re- 
duced Courant algebroid Ac over Graph($) = S is defined. The sections of the form 
f(x,0) span a complement to C 1 - in C, and identify Ac* = 3>*A as a vector bundle. 
This identification also preserves inner products, since (f(xi, 0), f(x2, 0)) = (xi,X2)- Fur- 
thermore, lf(xi, 0), f(x2, 0)] = /([xi, X2], 0) shows that the pull-back map on sections 
r(A) — > r(<I>*A) = r(Ac) preserves Courant brackets. If £ C A is a Dirac structure, 
then it is obvious that the action g restricts to a Lie algebroid action of E (i.e. the map 
T(E) — > T(TS) defined by g preserves brackets). Also, since the Lie algebroid bracket on 
T(&*E) is determined by the Lie bracket on the subspace <&*T(E), it is immediate that 
&*E with this bracket is a Dirac structure in $*A. □ 

Example 2.13. Suppose A — > M is a Courant algebroid, and S 1 ■"— » M is an embedded 
submanifold, such that ran(a) is tangent to S. Then the map T(A) — > T(TS), given by 
restriction to 5 followed by a, satisfies the axioms. Hence, <3?*A is a well-defined Courant 
algebroid. 

Example 2.14. Let be a quadratic Lie algebra, viewed as a Courant algebroid over a point. 
Let M be a manifold with a g-action whose stabilizer algebras are coisotropic. Then the 
product M x g (viewed as the vector bundle pull-back of g — > pt by the map M — ► pt) 
acquires the structure of a Courant algebroid. This example will be explored in detail in 
Section [H 

Since the Courant bracket on <I>*A was defined by reduction, there is a Courant morphism 
■3>*A — - > A x TS 1 lifting the inclusion S" M x S 1 as the graph of Its composition with 
A x T5 1 — •* A (lifting the projection to the first factor) is a Courant morphism 

(7) U*:$*A—+A 

lifting $. 

3. Manin pairs and Manin triples 

A pair (A, E) of a Courant algebroid A — > M together with a Dirac structure is called 
a Manin pair (over M). Given a second Dirac structure F C A such that A = E (B F, the 
triple (A, E 1 , i* 1 ) is called a Manin triple (over M). For M = pt, this reduces to the classical 
notion of a Manin triple (D, 01,02) a s introduced by Drinfeld [HJ]: A split quadratic Lie 
algebra d with two transverse Lagrangian subalgebras 0i,02- 

Remark 3.1. As shown by Liu-Weinstein-Xu |18| . Manin triples over M are equivalent to 
Lie bialgebroids A — > M. Indeed, for any Lie bialgebroid the direct sum A = A© A* carries 
a unique structure of a Courant algebroid such that (A, A, A*) is a Manin triple. The more 
general concept of a Manin quasi-triple requires only that E is integrable. It is equivalent 
to the notion of quasi-Lie bialgebroid, see Kosmann-Schwarzbach [16l[T7], Roytenberg [23], 
and Ponte-Xu [2T] . 

3.1. Backward images. The following result was obtained in [lj Proposition 2.10] for the 
case of exact Courant algebroids, with a very different proof. 
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Proposition 3.2. Let R$: A — - > A' be a Courant morphism. Suppose E' C A' is a 
Lagrangian subbundle, with the property 

(8) x 1 G E', j/e£' x' = 0. 
Then the backward image 

E := E' o Rq = {x G A| 3x' G : x ~ jR$ x'} 

is a Lagrangian subbundle of A, and there is a unique bundle homomorphism a: E — > <]?*£" 
smc/i that x a(x) /or all x £ E. The Courant tensors of E,E' are related by 

(9) T E = a*($*r E '), 

where a* is the map dual to a, extended to the exterior algebras. 

Proof. The fact that the backward image is a Lagrangian subbundle is parallel to Guillemin- 
Sternberg's construction in symplectic geometry [J3], hence we will be brief. We have 

E = E' o R$, = ((E' x R$) n C)/((E' x R#) n c 1 -) 

where C C (A' x A' x A)| diag ( M /) xM is the co-isotropic subbundle given as 

C = {(x',x',x)| x G A, x' G A'}. 

C 1 - is similarly given as the set of all (x', x', 0). The condition x' G E', x' x' = 
amounts to the transversality property [E' x n = 0, ensuring that E is a smooth 
subbundle. It is easy to see that E is isotropic, and hence Lagrangian by dimension count. 
The map a associates to each x G E m the unique x' G E$( m ) with x x'. To prove (|9]) 
we must show that 

(10) T E Vl,4>4) - T £ (xi,x 2 ,x 3 ) = 

for all Xj G i? m , x^ = a(xj) G E$r m y Think of E' x E as a Lagrangian subbundle of A' x A. 
Its Courant tensor is 

r^E'xE _ r^E' _ r^E 

as an element of (A 3 E')* + A 3 ^* C A 3 (£" x E)* . Let oi, ct 2 , 0-3 be three sections of A' x A 
restricting to sections of R$. Then 

T E '^ E (a 1 ,a 2 ,a 3 ) = (a 1 ,la 2 ,a 3 j) 

vanishes along the graph of Indeed [02,03] restricts to a section of i?<j>, hence its inner 
product with o\ restricts to 0. Choosing the Oi such that o-i\i^t m ),m) = { x 'i-> x i) this gives 
PJ. □ 

As a special case, we see that if (A', E') is a Manin pair, and E is the backward image 
of E' under a Courant morphism R§ : A — > A' satisfying ([5]), then (A, E) is a Manin pair. 

Example 3.3. Let A — > M be a Courant algebroid and <3?: S 1 — ► M a smooth map, with d$ 
transverse to the anchor map a. Let P$ : $ ! A — » A be the Courant morphism defined in 
Section [221 and suppose £7 C A is a Lagrangian subbundle, with the property x £ E, ~p $ 
x => x = 0. Then 

EoP $ = &E 

where &E is defined by ©. 
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Similarly, given a Courant algebroid action (<£,£>) of A as in Section \2.3\ the backward 
image of a Lagrangian sub-bundle E under the Courant morphism U$> is just the pull-back 
bundle §*E. 

3.2. The bivector associated to a Lagrangian splitting. Let A — > M be a Courant 
algebroid. By a Lagrangian splitting of A, we mean a direct sum decomposition 

A = E®F 

where E, F are Lagrangian subbundles. Given a Lagrangian splitting A = E © F, let 
pr^prp be the projections onto the two summands. Thus x = \>y e (x) + prp(x) for all 
x G A. Note (x,x) = 2(pr E (x),pr F (x)), so that pr E (x) and pi F (x) are orthogonal if x is 
isotropic. This applies in particular to elements of the form x = 3*(p). Define a bi- vector 
field tt G £ 2 (M) by the identity 

= a(pr F (a*0i)), M G T*M. 

This is well-defined since i At a(pr F (a*(/i)) = (a*(/i), pr F (a*(^)) = 0. Since a(a*(/i)) = 0, the 
formula for 7r may also be written l^tt = — a(prg(a*(/x)). If is a local frame for E, and f l 
the dual frame for F, i.e. (e^, f J ) = 5j , we find, 

(11) = A a(/*). 

i 

Note that tt changes sign if the roles of E, F are reversed. 

Example 3.4. If tt is any bivector on M, with graph Gr^ C TM, the splitting TM = 
TM © Gr,,- is Lagrangian splitting. The bivector associated to this splitting is just tt itself. 

The following Proposition gives an alternative description of the bivector field tt. 

Proposition 3.5. Let A = E © F be a Lagrangian splitting with associated bivector tt. 
Then Gi-^ C TM is the backward image of E x F under the diagonal morphism iidiag from 
Proposition \l.b\ Furthermore, ~_R diag (x,y) G E x F implies x = 0, y = 0. 

Proof. By definition of the diagonal morphism, we have (v, n) ~i? diag (x, y) if and only if 
v = a(x), x — y = a*(/i). In particular, for /j, = and x G E, y G F we obtain x = y = 0. 
Hence, Proposition 13.21 shows that the backward image of E x F under i?diag is a smooth 
Lagrangian subbundle of TM, transverse to TM. The backward image is thus of the form 
Gr_,r for some bivector tt. The relation 

(-^vr, n) ~R diag (x,y) 

with x G E and y G F means by definition of i?diag that a*/x = x — y, thus y = prp a*/i, 
and — l^tt = a(y). Thus ^7r = a (pr F (a *(//))) proving the Formula (fTTI) . □ 

3.3. Rank of the bivector. The rank of the map tt^ : T*M -> TM, /i ^ t^i at m G M 
is called the rank of 7r at m. If 7r is integrable (i.e. Poisson), the range of TTm is the tangent 
space to the symplectic leaf, and so rk(-7r m ) is its dimension. By definition of tt, 

(12) ran7r" = a (prp ran a*) = a(pr E rana*). 

For each m, the subspace L m = ran(aj^) + (ker(a m ) n F m ) is Lagrangian, as one verifies by 
taking its orthogonal. We have: 
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Lemma 3.6. At any point m G M , the rank of the bivector tt is given by the formula, 

(13) rk(vr m ) = dim(a m (F m )) - dim(L m n E m ). 
Proof. Formula (|12|) shows that 7r m has rank 

rk(7r m ) = dim(pr £; (ran(a^))) - dim(ker(a m ) n pr £ (ran(a^))). 

But pr £ (ran(aj n )) ± = ((F m + ran(a^J) n Em) 1 - = (F m n ker(a m )) + E m has dimension 
dimE m + dim(F m n ker(a m )). Hence dim(pr s (ran(a^))) = dimF m — dim(F m n ker(a m )) = 
dim(a ?n (i ? m )). Similarly, one observes that 

ker(a m ) n pr B (ran(a£J) = (ran(a^) + F m n ker(a m )) n E m . 

□ 

Equation (|12p shows in particular that ran(7r") C a(E) D 3(F). In nice cases, this is an 
equality: 

Proposition 3.7. Let A = E F be a Lagrangian splitting, with associated bivector tt G 
X 2 (M). Then 

(14) ran(vr s ) = a(E) n a(F), 
i/ and cm/y 2/ 

(15) ker(a) = ran(a*) + (ker(a) n E) + (ker(a) n F). 

Proof. Suppose Condition (p~5|) is satisfied. Given u G a(E') n a(F), let x E E, y £ F 
with a(x) = a(y) = t>. Then x — y G ker(a), and (fT5|) allows us to modify x,y to arrange 
x — y G ran(a*). We may thus write x — y = a*(/x). But u = a(x), x — y = a*(/i) 
means that (v,/x) ~i?, diag (x,y). Thus v = — t M 7r G ran7r", which proves (fT4"|) , Conversely, 
assume dH|) and let u; G ker(a) be given. Write w = x — y with x G F, y G F, and put 
u = a(x) = a(y). By (|14p there exists fx G T*M with v = — i^tt. By Proposition 13.51 we 
have (v, /i) ~i? diag (x,y), for some x £ E, y £ F. Thus x — y = a*(/i) and a(x) = a(y) = v. 
This gives the desired decomposition 

w = x-y = a*(/i) + (ac - x) - (y - y) 

with i-iefin ker(a) and y — y £ F D ker(a). □ 

Remark 3.8. For an exact Courant algebroid, ker(a) = ran(a*) and so Condition (|15p is 
automatic. 

3.4. Integrability of the bivector. 

Theorem 3.9. Let A = E F be a Lagrangian splitting, with associated bivector tt G 
X 2 (M), and let 

T E G T(A 3 F), T F G T(A 3 £) 

be the Courant tensors, where we are using the isomorphisms E* = F, F* = E given by 
the pairing between E,F. Then 

(16) i[vr,vr]=a(T s ) + a(T^). 

In particular, if (A, E, F) is a Manin triple over M , then tt is a Poisson structure. The 
symplectic leaves of that Poisson structure are contained in the the connected components 
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of the intersections of the leaves of the Dime structures E and F. Under Condition (|T5l) 
they are equal to these components. 

Proof. Since Gr-^ is the backward image of F x F C A x A, Proposition 13.21 shows that its 
Courant tensor is given by 

(17) T Gr ~- =a*{pvlT E -pi* 2 T F ). 

Here pr^ : A F* — > A(F x F)* and pr?i : Af^A(ExF)* are pull-backs under the two 
projections. (Note that the Courant tensor of F, viewed as a subbundle of A, is — T F .) 
The map a : Gi-x — > E x F was computed in the proof of Proposition 13.51 

a(-t M 7r,/i) = (pr B (a*(/i)),-pr F (a*(//))). 
To calculate the dual map 

a* : F © E ^ E* © F* -» Grl^ ^ TM, 
let x G E, y G F and fi G T*M. We have 

(a*(y,x),(-t^7r,fi)) = ((y,x), a((-^7r, //))) 

= (y,pr B (a*(At))) - (x,pr F (a*(/i))> 
= (M>a(y) - a (^))- 
Hence, a*(y,x) = a(y) — a(x), x G F,y G F. It follows that 

a*(pr* T B - pr^ T F ) = a(T £ ) + a(T F ). 

On the other hand, as remarked in Section 11.21 we also have T Gr_7r = ^ [it, it] using the 
identification Gr^ = TM. Hence (|17p translates into (|16p . If both E,F are Dirac struc- 
tures the tensors r £ E ,Y F vanish, and (I16p shows that [tt, it] = 0. The description of the 
symplectic leaves follows from Proposition 13.71 □ 

The fact that pairs of transverse Dirac structures define Poisson structures is due to 
Mackenzie- Xu [20] . Their paper expresses this result in terms of Lie bialgebroids (cf. Re- 
mark 13. ip . 

3.5. Relations of Lagrangian splittings. Suppose A = E F and A' = E' © F' are 

Lagrangian splittings of Courant algebroids over M,M', with associated bivectors it,tt'. 
Assume also that i?$ : A ---> A' is a Courant morphism. Our goal in this Section is to 
formulate a sufficient condition on the two splittings such that the map $ : M — > M' is a 
bivector map, 

7T <~-'<j) Tt' , 

i.e. (d$) m (vr m ) = vr^ (m) . 

Since the condition will only involve linear algebra we will temporarily just deal with 
vector spaces W with split bilinear form (•, •). For instance, if V is any vector space then 
V = V © V* carries a natural split bilinear form given by the pairing. Suppose W\ C W 
is a co-isotropic subspace, and Wq = Wt 1 its orthogonal. Then W re d = Wi/Wq is again a 
vector space with split bilinear form. For any Lagrangian subspace E C W, the quotient 
F re d = E\/Eq with Fj = E n Wj is a Lagrangian subspace of F re d. 
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A bivector II G A 2 (W) descends to a bivector n re d on W\/Wq if and only if it lies in the 
subspace A 2 (Wi) + Wo A W, or equivalently 

(18) w G Wi =r* l(w)U G W x . 

Here 1(10) : AW is the derivation extension of w\ \— » (wi,w). Note that (|18p implies 

to G Wo => t(w)II G Wo- Letting w rec j G W re d be the image of w G Wi, the bivector 
n re d G A W re d is then given by 

i(w red )II re d = (i(w)U) ied . 

Lemma 3.10. Suppose that W = E(&F is a Lagrangian splitting, and let II G A 2 W be the 
bivector defined by i w Tl = ^(pv F (w) — pv E (w)), i.e. 

(19) n = iJ>Af 

i 

for dual bases ei,f l of E,F. Then H descends to a bivector n re d on W re d if and only if 
Wo = Eq © Fq, or equivalently W\ = E\ © F\. Furthermore, in this case F re d, F re d are 
transverse, and n re d is given by a formula similar to (|19p with dual bases for F re d, F re d- 

Proof. Let pr^, prp denote the projections from W to E,F. Thus w = pv E (w) + pi F (w), 
while on the other hand l(w)U = ^(pr F (w) — pr E (w)). Hence, the condition w G W\ =^ 
l(w)II G W\ holds if and only if w G W\ pr E (w),pr F (w) G Wi, that is W\ = E\ © F\. 
Taking orthogonals, this is equivalent to Wq = (E + Wo) H (F + Wo)- We claim that this 
in turn is equivalent to Wo = Eq © Fq. The implication <= is clear. For the opposite 
implication => let w G Wo, and write w = e + f with e = pi E {w) and / = pt F (w). Then 
/ = w -e G (F + W )nF = (F + W )n(F + W )nF = W nF = F , and similarly e G F . 

Suppose then that Wo = Eq © Fo. For to G Wi, the decomposition w = x + y with 
x = pr^(to) G Fx, y = prp(w) G F\ descends to the decomposition u) re d = £ re d + y re( ± with 
x G F re d and y G F re d. Hence 

'"(Wred)n red = (i(l0)II) r ed = |(y - £)red = |(y re d ~ ^red) 

which shows that n re d is the bivector for the decomposition W re d = F re d © F re d- □ 

Remark 3.11. The property F re d PI F re d = is not automatic. Suppose e.g. that w is an 
isotropic vector not contained in F, F, and let Wo be the 1-dimensional subspace spanned 
by w. Then x = pv E {w) G E\ and y = — pi F (w) G Fi descend to non-zero elements 
x red G F red , y re d G F red , with x re d - 2/red = ^red = 0. On the other hand W = F © F is 
not a necessary condition to ensure F re d n F re d = 0, as one can see by taking Wo to be any 
Lagrangian subspace transverse to F, F. (In this case the transversality condition is trivial 
since W re d = 0, while Fo + Fo = 0.) 

A morphism of vector spaces W, W' with split bilinear forms is a Lagrangian subspace 
R C W' x W, where W is the vector space W with opposite bilinear form. As before we 
write R: W — * W', and w ~# w' if (w,w') G R. Let 

ker(.R) = {w £W\ w ~ R 0}, 
^ mn(R) = {w £W'\3w <EW: w ~ RW '}. 

The transpose of the morphism R: W — » W' is the morphism i?*: W' — * W, given by 
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Lemma 3.12. We have ker(R) = van(R ) and ran(i?) = ker(J2 ) . Furthermore, 
(21) dimker(i?) + dimran(i?) = dimiZ. 

T/ie morphism R: W — » W' gifes a well-defined linear isomorphism 

R Tcd : ran( J R < )/ker(i?) -> ran(i?)/ker(i?') 

mf/i f/ie property 

W ~RU)' => R T ed(Wred) = ^red- 

.Here u> re d,u^ ed are i/ie images of w G ran(i?*) and u/ G ran(i?) in £/ie two quotient spaces. 

Proof. We will write 

W = kev(R), Wi = ran(JJ*), W^ = ker(22*), W x = ran(i?) 

and Wred = Wi/Wo, W r ' ed = W[/Wq. The dimension formula ([2D follows since the spaces 
Wo and W[ are the kernel and range of the projection of R onto W' . Taking the sum and 
the difference with a similar equation for i?*, we obtain 

(dim W + dim Wi) + (dim Wq + dim W[) = dim W + dim W', 

^ ^ dim Wi - dim Wo = dim W{ - dim Wq. 

The second equation shows that dim W re d = dim W{ ed . 

Recall Wi w[ for i = 1,2 implies (w\,W2) = {w^w'2). If wi € Wo so that wi ~ 0, 
and ^2 G Wi so that ~ w'2 f° r some w 2 G W', this shows (w\,W2) = {0,w' 2 ) = 0. Thus 
Wo C W±, and similarly W[ C (Wq) -1 . To prove equality we observe that 

(23) dim W + dim W% = dim W, dim Wq + dim W[ = dim W' . 

Indeed we already know the inequality < in these equations, and the equality follows by 
the first equation in (f22|) . Finally, if w ~_r w', and w — w G Wo, w' — w' G Wq, then 
to ~_r u/. This shows that the map -R re d : W re d — > W r ' ed , u> re d 1— > iu£ ed is a well-defined 
isomorphism. □ 

Definition 3.13. Given a morphism R: W ---> W' and Lagrangian subspaces E C W, C 
W', we write 

(24) E ~r E' 

if the isomorphism i? re d from Lemma 13.121 takes -E red to E',, Given Lagrangian splittings 
W = E F and W' = E' F', we write 

(25) (E,F)~ R (E',F') 
if E E', F F' , and in addition 

(a) ker(i?) is the direct sum of its intersections with E and with F, 

(b) ran(i?) is the direct sum of its intersections with E' and with F' . 

Remark 3.14. The relation (|24l) follows if E = E' o R (b-Dirac morphism) or E' = R o E 
(f-Dirac morphism). Conversely, if ker(i?) = the relation (I24j) implies E = E' o R, while 
for ran(i?) = W' it implies E' = R o E. In general, (|24h implies that i? is an f-Dirac 
morphism followed by a b-Dirac morphism: 

(W,E)-> (W r ' ed ,^ ed ) — (W',^0 
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with W r ' ed = ran(-R)/ ran(i?)- L . Note however that E E' and £" ~s E" do not imply 
~SoR E" in general. 

Proposition 3.15. Let W = E © F ', W = E' © F' be Lagrangian splittings, defining 
bivectors II, IT, and R: W — > W' a morphism with (E,F) ~# (E',F'). Then the induced 
map R rcd : W red -> W r ' ed takes II red to II^ ed . 

Proof. This follows since II red , n£ ed are the bivectors defined by the splittings W vcd = E red (B 
F rcd and W; cd = F/ ed © F r ' ed , and since R Ted (E red ) = £ red , #red(^red) = F^. D 

We now apply these results to Courant morphisms i?$ : A — - > A' over manifolds $ : M — > 
M'. For Lagrangian splittings A = E (B F and A' = £" © F' we will write 

if this relation holds pointwise, at any m € M. The main result of this Section is as follows: 

Theorem 3.16. Let A = E © F and A' = E' ffl i 7 ' 6e Lagrangian splittings of Courant 
algebroids A, A', defining bivectors tt € X 2 (M), 7r' € X 2 (M'). Suppose 

R$: A --4 A' 

is a Courant morphism. Then 

(E,F) (E',F') vr~ $ vr'. 

Proof. We have to show 7r$( m ) = (d$>) m (n m ) for all m € M. To simplify notation, we omit 
base points in the following discussion. Let II, II' be the bivectors defined by the splittings, 
so that tt = a(n) and tt' = a' (IT). We define 

-^red = ker(i?$) _L / ker(i?$), A' red = ran(i?$)/ ran(i?$) _L , 

so that R$ descends to an isomorphism A red — » A^. ed taking n red to n£ ed . Since x ~/j„, x' 
implies (d$)(a(x)) = a'(x'), we see that a'(ker(i?$) ± ) = and a'(ran(i2$)) C ran(d<I>). 
Similarly a(ker(i?$)) C ker(d<I>). Hence a, a' descend to define the vertical maps of the 
following commutative diagram, 

A red — A; ed 

a rcd 

TMj ker(d$) > ran(d$) 

The bottom map takes 7r red = a red (n re d) to tx' xcA = a' red (U' red ) . On the other hand, Lemma 
l3.1Ul shows that tt' is the image of 7r£ ed under the inclusion ran(d < I ) ) — > TM' , while 7r red is the 
image of tt under the projection TM —* TM/ ker(d < I ) ). This proves that d<3?: TM —* TM' 
takes tt to tt'. □ 



4. Courant algebroids of the form M x q 

An action of a Lie algebra q on a manifold M is a Lie algebra homomorphism g — » 36(M). 
The range of the action map a : Mxj-> TAf defines an integrable generalized distribution; 
its leaves are called the 0- orbits. The action map makes Mxg into a Lie algebroid over M, 
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with anchor map a and Lie bracket [•, -]x extending the Lie bracket on constant sections. 
Explicitly, 

(26) [xi,x 2 ]x= [xi,x 2 } 8 + C a{xi) x 2 - £ a ( X2 )Xi 
where [xi,X2] is the pointwise bracket. 

4.1. g-actions. Let g be a quadratic Lie algebra, with inner product (•, •)• Given a g-action 
on a manifold M, all of whose stabilizer are co-isotropic, Example 12. 141 describes a Courant 
algebroid structure on the product Am = M x g, with anchor map a : M x g — > TM given 
by the action. Recall that the inner product (•, •) and Courant bracket [•, •] on Am extend 
the inner product and Lie bracket on constant sections g C T(Am)- 

Lemma 4.1. The Courant bracket and the Lie algebroid bracket on F(Am) = C°°(M, g) 
are related as follows: 

(27) lx,yj = [x,y] x + B*{dx,y), x, y G G°°(M, g). 

Proof. The Courant bracket is uniquely determined by its property of extending the Lie 
bracket on constant sections. It hence suffices to note that the right hand side restricts to 
the pointwise bracket on constant sections, and that it satisfies c3) and pi) from II. ll □ 

4.2. Examples. 

Example 4.2. Let g be a quadratic Lie algebra, and g the same Lie algebra with the opposite 
bilinear form. Then t) = g © g is a quadratic Lie algebra. Let G be a Lie group with Lie 
algebra g, and denote by u L resp. u R the left-invariant resp. right-invariant vector fields 
on G defined by u G Q. The action of D = G x G on G, given by (a, b).g = agb~ l , defines 
an action of t), 

a: V — > TG, (u,v) i-> v L - u R 

The stabilizers for the infinitesimal action are co-isotropic: In fact, 

ker(a 9 ) = d g = {(u,v)\ u = Ad g (v)} 

is Lagrangian. Thus A^r = G x D is a Courant algebroid. This is extensively studied in 
PP, where an explicit isomorphism Aq — TG™ is constructed (cf. Definition [b]), with 
7] = j^9 L ■ [8 L ,9 L ] G Q 3 (G) the Cartan 3-form (where L G Q 1 (G,g) is the left-invariant 
Maurer-Cartan form. 

Example 4.3 (De Concini-Procesi compactification) . Let G be a complex semisimple Lie 
group of adjoint type, and d = g © g as above. Let M be the complex manifold given as its 
de Concini-Procesi 'wonderful compactification' [llj . The action of D = G x G on G (given 
by (a, b). g = agb' 1 ) extends to an action on M, and Am = M x d is a Courant algebroid. 
(The fact that elements in ran(a*) are isotropic follows by continuity.) 

Example 4.4 (Homogeneous spaces G/H). Let g be a quadratic Lie algebra, with corre- 
sponding Lie group G, and suppose that H C G is a closed subgroup whose Lie algebra f) is 
coisotropic. Then the stabilizer algebras for the induced G-action on G/H are coisotropic. 
(The stabilizer algebra at the coset of g G G is Ad s (h).) Hence we obtain a Courant alge- 
broid Aqi h = Gj H x g. In case f) is a Lagrangian subalgebra, this example is discussed by 
P. Severa in [251 #2] and by Alekseev-Xu in [5], see also [7]. 
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Example 4.5 (The variety of Lagrangian subalgebras). A quadratic Lie algebra d will be 
called split quadratic if its bilinear form is split, i.e. if there exist Lagrangian subspaces. 
For instance the Lie algebra from Example 14.21 is split quadratic, as is the semi-direct 
product f x f for any Lie algebra t. Given a split quadratic Lie algebra let Lag(0) be 
the manifold of Lagrangian subspaces of 9, and M C Lag(D) the subset of Lagrangian Lie 
subalgebras. Then M is not a manifold, but (working over C) it is a (complex) variety. 
Let D be a Lie group exponentiating d, with its natural action on M. Then the stabilizer 
algebra at m £ M contains the Lagrangian subalgebra labelled by m, and hence is co- 
isotropic. Consequently Am = M x D is a Courant algebroid. A similar argument applies 
more generally to the variety of co-isotropic subalgebras of any given dimension. 

These examples are related: For instance, as shown by Evens-Lu [12] the de Concini- 
Procesi compactification of G is one of the irreducible components of the variety of La- 
grangian subalgebras of D = g © g. Example 14.21 is a special case of 14.41 taking the quotient 
of D = G x G by the diagonal subgroup. 

Example 4.6. Given a manifold N with an action of g, define a section 7 of the bundle 
S 2 (TN) by 7(/i, v) = (a*(/x), a*(u)). Then M = 7 _1 (0) is g-invariant, and (assuming for 
simplicity that 7 _1 (0) is smooth) Am = M x g is a Courant algebroid. 

4.3. Courant morphisms. We will now consider morphisms between Courant algebroids 
of the form M x g. 

Proposition 4.7. Suppose g,g' are quadratic Lie algebras, acting on M,M' with co- 
isotropic stabilizers. Let Am = M x g, Am' = M' x g' be the resulting Courant algebroids, 
with anchor map the action maps a, a'. Assume <3? : M — > M' is a smooth map and R C s'00 
is a Lagrangian subalgebra, with the property 

(28) x ~ R x' a(x) ~$ a'(x'). 
Then R$ = Graph(<I>) x R defines a Courant morphism 

A M —■ > Am', (m,x) ~_ R<i) ($(m),x'). 

If g = d, g' = d' are split quadratic, then Lagrangian splittings = e f, d' = e' © f with 
( e if) ( e 'if) 9^ ve R^-related Lagrangian splittings of the Courant algebroids, 

(29) (E,F) ~ Ri> (E',F') 

with E = M x e, F = M x f, E' = M x e', F' = M x f . Hence the corresponding bivector 
fields are ^-related: ir ~$ ir' . 

Proof. Since R is a Lagrangian subalgebra, the direct product (M' x M) x R c Am x Am' is 
a Dirac structure. Condition (|28p guarantees that (a x a')(R) is tangent to the graph of <£. 
The statements about Lagrangian splittings are obvious since the relation ([29]) is defined 
pointwise. □ 

We stress that the relation R : g — - » jj' need not come from a Lie algebra homomorphism. 

Remark 4.8. The Proposition 14.71 may be generalized to the set-up from Section 12.2^ re- 
placing R : g —4 g' with a Courant morphism A — ► A'. 
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Example 4.9 (The Courant algebroid A G ). Let g be a quadratic Lie algebra, with invariant 
inner product B s . The space = © may be viewed as a pair groupoid over 0, with 
source and target map s(x,y) = y, t(x,y) = x and with groupoid multiplication 

z = z'o z" if s(z) = s(z"), t(z) = t(z'), s(z') = t(z"). 

Let 

R: d ©r> — > d, (z',z") ~r z' o z". 

In more detail, i?Ct)©0©9is the subspace of elements (z, z' , z") such that z = z' o z" . 
Then R is a Lagrangian subalgebra, with ran(i?) = d and ker(i?) = {(z',z")\ z' o z" = 0}. 
Let G be a Lie group integrating 0, with the ft-action a : d — » £(G) and Courant algebroid 
Aq from Example 14.21 Let Mult : G x G — > G be group multiplication. One easily checks 
(cf. [1, Proposition 3.8]) that 

z = z'oz" => (a(/),a(/')) ~Muit a(z). 

Hence the conditions from Proposition 14.71 hold, and we obtain a Courant morphism 

(30) fl Mult : A G xA G -+A G . 

There is also a Courant morphism C/i nv : A G — » A G lifting the inversion map Inv: G — > 
G, ^ i— > <7 _1 . It is given by the direct product of Graph(Inv) x J7, where 

with = (v,u) the groupoid inverse of z = (u,v). The associativity property of group 
multiplication, and the property Inv o Mult = Mult o (Inv x Inv) lift to the Courant mor- 
phisms. Thus G with the Courant algebroid A G could justifiably be called a Courant Lie 
group. 

Example 4.10 (The action map G x M — > M). Let be a quadratic Lie algebra, G a 
corresponding Lie group and Aq the Courant algebroid from Example 14.21 Suppose G 
acts on a manifold M, with co-isotropic stabilizer algebras. We claim that the action map 
$ : G x M — > M lifts to a morphism of Courant algebroids 

5$ : A G x Am — > A M . 

The relation 

S:c>ffi0-*0, fezWsZ- 
defines a Lagrangian subalgebra of © d © 0, and it has the required property (|28j) . The 
action property <I>o(MultG x id a/) = $ o (id G x<I>) lifts to a similar property of the Courant 
morphisms, so that one might call this a Courant Lie group action. 

Example 4.11. Let be a quadratic Lie algebra, with corresponding Lie group G. Suppose 
H C G is a closed subgroup whose Lie algebra fj C is Lagrangian, and let A G / H = G/Hxg 
be the resulting Courant algebroid. Then the quotient map : G — > G/i? lifts to a Courant 
morphism 

Tq,: A G --4 A G/H , 

by taking 

T: 9 — y q, (z, u) ~t z, z G 0, n € h. 
If the subalgebra h C is only co-isotropic, but contains a Lagrangian subalgebra t C f), 
one obtains a Courant morphism by replacing u G f) with tt 6 t in the definition of T. 
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5. LAGRANGIAN SPLITTINGS 
Throughout this Section, we assume that 9 is a split quadratic Lie algebra. 

5.1. Lagrangian splittings of Am- Let Am = M x ft be the Courant algebroid defined by 
a ft-action with co- isotropic stabilizers. For any Lagrangian subspace (CD, the subbundle 
E = M x [ is Lagrangian. Let T [ € A 3 [* be defined by T (m, 112, 113) = {u\, [U2, 1*3]), Ui € t. 
Then T l vanishes if and only if I is a Lie subalgebra. 

Proposition 5.1. The Courant tensor of the Lagrangian subbundle E = M x [ is T [ viewed 
as a constant section. In particular, it vanishes if and only if I is a Lagrangian subalgebra. 

Proof. This is immediate from the definition of T E , since the Courant bracket on constant 
sections coincides with the pointwise Lie bracket. □ 

Hence, if (ft,0) is a Manin pair (i.e. q is a Lagrangian Lie subalgebra), then (Am, M x q) 
is a Manin pair over M. As a special case of Theorem 13.91 we obtain: 

Theorem 5.2. Suppose ft acts on M with co-isotropic stabilizers. Let ft = e © f be a 

decomposition into two Lagrangian subspaces, and let E = M x e, F = M X f. Define a 
bi-vector field on M by 

7r = i^a( ei )Aa(r) 

i 

where ej, f 1 are dual bases ofe,j. Then 

i[^,7r] = a(T e ) + o(rf). 
The rank of tt at m £ M is given by 

(31) rk(vr m ) = dim(a m (g 2 )) - dim(l m n 0i) 

with the Lagrangian subalgebra \ m = ran(a^) + ker(a m ) PI 52 C ft . If t = Q\ and f = 02 
are Lagrangian subalgebras, then (Am, E, F) is a Manin triple over M and hence tt is 
a Poisson structure. The symplectic leaves of tt are contained in the intersections of the 
Qi-orbits and 32- orbits, with equality if and only i/ker(a) = ran(a*) + (ker(ai) © ker(a2)). 
Here aj : 0j — > TM are the restrictions of the action. 

As remarked in the introduction, the Poisson structure ir on M given by Theorem 15.21 
in the case that Qi are Lagrangian sub-algebras, is due to Lu-Yakimov |19| . 

Remark 5.3. Note that for g 2 a Lagrangian subalgebra, m 1— > \ m = ran(aj^) + ker(a m ) fl g2 
gives a map from M into the variety of Lagrangian subalgebras of c) - a generalization of 
the Drinfeld map. In general, this map need not be smooth. 

Remark 5.4. If the stabilizer algebras for the 9-action are Lagrangian, then necessarily 
ker(a) = ran(a*). In this case, if (D, 01,02) is a Manin triple, the symplectic leaves of the 
Manin triple (Am, E, F) are the intersections of 0i-orbits with 02-orbits. 

Example 5.5. If ft = © as in Example 14.2^ the diagonal 0ACft = 0ffi0"isa Lagrangian 
subalgebra, and the anti-diagonal 0_a = {(%,— sc)| 2; € 0} is a Lagrangian complement. 
The anti-diagonal is not a subalgebra unless is Abelian. In fact, letting 3 G A 3 be the 
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structure constants tensor for g, with normalization E(x±, X2, X3) = ^(xi, [x 2 , X3]), the 
Courant tensor of the anti-diagonal is 

T - A (xi,x 2 ,x 3 ) = H(xi,x 2 ,x 3 ), Xi € 0, Xi = l(xi,-Xi). 

Given a 0-action on a manifold M, with co-isotropic stabilizers, the resulting Lagrangian 
splitting of the Courant algebroid Am = M x d defines a bi- vector field tt € X 2 (M) with 

§[7r,7r] = a(S). 

Up to an irrelevant constant this is the definition of a quasi-Poisson manifold as in [3]. 
In particular, the group G, and the variety of Lagrangian subalgebras in d = © q carry 
natural quasi-Poisson structures. 

Example 5.6. Suppose is complex semi-simple, with triangular decomposition q = n_ © 
f) © n+, and let = © g. Then another choice of a complement to the diagonal 0a is 

I = J)-A + (n_ © n+) C © 0. 

Since [ is a Lie subalgebra, the Manin triple (O,0a,O defines a Poisson structure on M. 
The Poisson structure on G obtained in this way is due to Semenov-Tian-Shansky [23]. Its 
extension to a Poisson structure on the variety of Lagrangian subalgebras (and hence in 
particular the de Concini-Procesi compactification) is due to Evens-Lu |12j . 

Example 5.7. Let (p, 01,02) be a Manin triple, and D a Lie group integrating d. Given a 
closed subgroup Q C D whose Lie algebra q is co-isotropic in D (cf . Example I4.4p . The 
resulting Poisson structure it € X 2 (D/Q) was studied in detail in the work of Lu-Yakimov 
[19] . At the coset [d] = dQ G D/Q, we have ker(a[^) = Ad<f(q), hence ran(a* d j) = Add(q- L ). 

Furthermore, as shown in [191 Proposition 2.5] the space Id = Add(q _L ) + Adrf(q) PI 02 is the 
Lagrangian subalgebra given by the Drinfeld homomorphism for the Poisson homogeneous 
space D/Q. Hence ([3T]) reduces to the following formula [19j (2.11)] 

rank(7T[ d] ) = dim(a [d ](0 2 )) - dim(l d n 0i). 

5.2. Lagrangian splittings of Ap. Suppose is a split quadratic Lie algebra, and D a 
Lie group integrating d. Then Ajj = D x (D ©D) is a Courant algebroid, as a special case of 
Example 14.21 (with playing the role of in that example). If (0,01,02) is a Manin triple, 
we obtain two Manin triples for d © 0: 

(OffiO, e+, f+), (OffiO, e_, f_) 

where 

e+=01©02, f+=02©01, e_ =fll©01, f-=02©02- 

Letting E± = D x e±, F± = D x f ± both (D,E + ,F + ) and (D,E-,F-) are Manin triples 
over D, defining Poisson structures ir + , 7r_ € X 2 (D). Since the Courant algebroid Dx (OffiO) 
is exact, Theorem 15.21 gives a simple description of the symplectic leaves: Let Gi,G 2 be 
subgroups of D integrating 0i,02, then the symplectic leaves of tt + are the components of 
the intersections of the G\ — G2 double cosets with the G 2 — G\ double cosets, while the 
leaves of 7r_ are the components of the intersections of the G\ — G\ double cosets with 
the G 2 — G 2 double cosets. Note that the symplectic leaf of the group unit e € D for 
the Poisson structure 7r+ is an open neighbourhood of e, whereas relative to the Poisson 
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structure 7r_ the leaf of e is a point. Hence only 7r_ is a possible candidate for a Poisson 
Lie group structure on D. Under the morphism R: t> c) — » 0, we find 

(e_ x e_,f_ x f_) (e_,f_), 

(«+ x f+>f+ x e +) ~R (e-,f-)> 
(«+ x f-,f+ x e_) ~i? (e+,f+), 
(e_ x e+,f_ x f + ) (e+,f+) 

Note in particular that in each case, ker(i?) is a direct sum of its intersections with the two 
Lagrangian subspaces, as required in Definition 13.131 

Hence, we obtain similar relations {E_ xE_, F_ xF_) ~_R Mu it C^— > ^— ) e ^ c -' an d therefore 
the following relations of the Poisson bivector fields: 

7T_ X 7T_ ~Mult 7T- 
7T+ X (— 7T + ) ~Mult 7T- 
7T+ X (— 7T_) ~Mult 7T+ 

7T_ X 7T + ~Mult 7T+ 

In particular (D,7r_) is a Poisson Lie group, and its action on (D,tt + ) is a Poisson action. 

Remark 5.8. The Poisson Lie group (D,w-) is the well-known Drinfeld double (of the 
Poisson Lie group G\, see below), while (D,n+) is known as the Heisenberg double. One 
has the explicit formulas ir± = x R ± r L , where the r-matrix r E A 2 t> is given in dual bases of 
01) 02 by r = \ Yli e i A /*, and the superscripts L, R indicate the extensions to left, right- 
invariant vector fields. The description of the symplectic leaves of (D,tt + ), as intersections 
of double cosets, was obtained by Alekseev-Malkin [3] using a direct calculation. 

Remark 5.9. Given a Manin triple (D, 01,52)5 one may also consider the Manin triples 
(U 0, 3a, e+) and (D f, (?A5 f+)- These define yet other Poisson structures on D, whose 
symplectic leaves are the intersections of conjugacy classes in D with G2 — G\ double cosets, 
respectively the G\ — G2 double cosets. 

Consider now a D-manifold M as in Example mUl Let vr G X 2 (M) be the Poisson 
bivector defined by the Manin triple (U, 0i, 02)- Under the morphism S: (J)®D)ffiD — •* 
from that example, 

(e+ x 02, f+ x 0i) ~s (01,02), 
(c- x gi,f_ x 2 ) ~s (01,02)- 
It follows that relative to the action map $ : D x M — > M, 

7T + X ( — 7r) ~ ( J ) 7T, 
7T_ X 7T ~ 7T. 

In particular, the (-D, 7r_)-action is a Poisson Lie group action. Finally, let G C D be a 
closed subgroup such that g C 3 is a Lagrangian subalgebra, and consider the quotient map 
VP: D — > D/G and the morphism T: d © --■> c) as in Example 14. Ill Let D/G carry the 
Poisson structure tt defined by a Manin triple (0,01,02)- Assuming that 

(32) Q = (0n Sl )©(gn 02 ) 
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(which is automatic if g = 51 or g = 02) one finds 

0+>f+) ~T (01,52) 

(e_,f_) ~t (01,52) 

and consequently ir + ~^ 7r, 7r_ ~^ 7r. Here ([32]) ensures that ker(T) = © is the direct 
sum of its intersections with e+, f+, respectively with e-,f— . 

6. Poisson Lie groups 

In the last Section, we explained how the choice of a Manin triple (0,51,52) defines 
Poisson structures ir± on the Lie group D corresponding to d, where 7r_ is multiplicative. 
Let <3? : G\ — > D be a map exponentiating the inclusion 01 — > d to the level of Lie groups. 
In this Section, we show that the pull-back Courant algebroid &Ad has the form G\ x 
for a suitable O-action on G\ (the dressing action). We fix the following notation: For any 
Lie group G and any £ G C°°(G,g), we denote by £ L 6 the vector field corresponding 

to £ under left trivialization Gxg = TG, and by £ B the vector field corresponding to £ 
under right trivialization. If £ € (viewed as a constant function G — > g), this agrees with 
our earlier notation for left-invariant and right-invariant vector fields. 

6.1. The Courant algebroid G\ x d. Let pi,P2- f — > Si be the projection to the two 
summands of the Manin triple (f,0i,02)- 

Theorem 6.1. £?ac/i 0/ f/ie following two maps d — > X(Gi) 

C -» Pi(Ad<j, (5) C) fi , C -> -pi(Ad $(g -i) c) L 

defines a Lie algebra action ofd, with co-isotropic stabilizers. Let A R = G\Xd, A = Gi xO 
6e i/ie Courant algebroids for these actions. Then 

A L = A^ = $>'Ad- 

Proof. Let C R be the subbundle of Ad consisting of elements x with a(x) tangent to the 
foliation gf C TD spanned by the right-invariant vector fields £ R , £ G 0i. Then C R contains 
the Lagrangian subbundle kera, and hence is co-isotropic. We will show that C R /(C 1 *) 1 - 
is a Courant algebroid D x t) defined by the following enaction £ 1— > pi(Ad^C) fi G 3£(.D). 
The isomorphism A^ = <1> ! A£) and the description of the resulting action on G\ are then 
immediate. Since a (a;) = a(u,v) = v L — u R = (Ad^w — u) R for x = (u,v), the fiber of C R 
at d G D is given by 

C fl | d = {(«, u) G d © 8 1 p 2 (Ad d v-u) = 0}. 

We read off that C R has rank dimi)-|-dim0i, and hence (C R )' L has rank dini0i. If x G 
i.e. i a ^ x )0 R G 0i where 9 R G fi^-D,?)) is the right-invariant Maurer Cartan form, it follows 
that for all £ G 0i 

(x,B*(e R ,0) = (i a{x) e R ,o = o. 

Hence (C^) -1 contains all a*(6 R ,£) = — (£, Ad rf -i £) with £ G 0i, and for dimensional 
reasons such elements span all of (C^) -1 "^. Hence, (C R ) ± \d consists of all those elements 
(u,v) G C R \d for which u G 0i and Ad^u — u = 0. The set of elements (u,v) G C R \d 
with u G 02 is hence a complement to (C^) -1 "^ in C R \d- Note that for any element of this 
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form, u = p 2 {u) = P2(Ad d v). We conclude that the trivial bundle D x 0, embedded in 
Ad = D x (5 © 0) by the map 

(33) C~ AC) = (P2(Ad d C),C), 

is a complement to (C^) -1 - in C R . To compute the Courant bracket of two such sections let 
C,C G f and put u = p 2 (Ad d (), u = p 2 (Ad d () G C°°(£>, D). We have 

[AO, AOJ = [AO, Adk + a*<dA0, AO) 

[«»«] + £ a(^«(C)) / "-' C a(^(C)) n ' [C'C]) +a*(dn,n). 

But (dit, u) = since it, u take values in the isotropic subalgebra 02- Hence the Courant 
bracket takes on the form (?, [£, £]) where '?' indicates some function with values in q 2 . Since 
this Courant bracket is a section of C R , we know without calculation that ? = p 2 (Ad d [C, (]). 
We have thus shown 

(34) [AO, AO] = AlCCD- 

Finally, the anchor map for C / (C^) -1 = D x D is obtained from 

a(A0) = C L - (p 2 (Ad d C)) fi =Pi(Ad,C) fl . 

This gives the desired description of C R /(C R )- L . Similarly, to prove A L = &Arj we define 
C L to be the set of all x with a(x) £ g^. Arguing as above, one finds that C L /(C L )- L is 
isomorphic to -D x i), where the isomorphism is defined by sections (j) L (() = (C,P2(Ad^-i 0)- 
Again, we find that 4> L ls a Lie algebra homomorphism relative to the Courant bracket. 
The anchor map for D x U is given by C 1 — ^ — Pl(Ad^-i Q) L . □ 

It is worthwhile to summarize the main properties of the sections <p L , 4> R : 

Proposition 6.2. The two sections 

<P L , <j) R : D -» r(Au) = C°°(£>, t) e 5) 

given by 4> L (() = (C,p 2 (Ad d -i 0) anc ^ 4> R {C) = (P2(Ad d (),() are homomorphisms 
relative to the Courant bracket. They satisfy (4> L ((), 4> L (()) = -(AO, AO) = {CO, 
and their images under the anchor map define D-actions on D, 

(35) -Pi(kd d -,Q) L resp. C >- Pi(Ad d Q R . 
One has, for all £, £ G f, 

U L ((),z*{0 L ,Ol =~a*{0 L , [pi(Ad d -iO,C]), 

[AO,a*<0* 0] = -a*{e R MAddC),®. 

Proof. The Courant bracket \4> L {Q, a*{6 L , £)] is computed using p4), together with 

c ai4>HO) (e L ,o = -(0 L ,\pi(^d d -iC)^]). 

The computation of \(j) R (( l ),a*(9 R ,£ i }~l is similar, and the other properties of cj) L ,(j) R had 
already been established in the proof of Theorem 16,11 □ 
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Remark 6.3. The fact that (I35p defines ^-actions holds true for any Lie algebra t>, with Lie 
algebras fli, 52 such that U = gi ©g 2 as vector spaces. If d carries an invariant inner product 
for which g 2 is co-isotropic, the 0-space G\ (for each of these actions) defines a Courant 
algebroid Gi x 3, and similarly D x d. 

Let us denote A Gl = &Ad. From now on, we will work with the identification 

A Gl = A 5 = Gi x fl 

from Theorem 16.11 By Proposition 12.101 t ne map <!> : Gi — ► Z) lifts to a Courant morphism 
P$ : A Gl — > A D , (5, C) ($(<?), 0), C G f , £ G 01 

with 

(36) p(£, C) = (p 2 (Ad $(9) C) - e, C - Ad^-i) o- 

6.2. Multiplicative properties. As discussed in Example 14.91 the multiplication map 
Mult for the group D lifts to a Courant morphism i?Muit : Ad x Ad Ad- 

Proposition 6.4. T/ie multiplication map Mult: GixGi — > Gi Zi/ts to a Courant morphism 

(37) Q Mu lt : A Gl x A Gl —4 A Gl , 

rni/i i?Muit [P$ x -P*) = P# o QMult- F° r M {/id" G Gi with product g = g'g", the fiber 
QMxdt\(g,g',g") consists of all elements ((, (") G T> © © d such that 

(38) C = C" + Ad H{g/ , ) -i )Pl (C), p 2 (Ad w C")=P2(C')- 
At any given point (g,g f ,g"), ran(QMuit) = while 

ker(Q Mu it) = {(- Ad $((g // ) -i ) £, 01 £ G 0i}. 
Proof. We will obtain QMult as the 'pull-back' of i?Muit 5 i n the sense that 

(39) QMult = $*(Ruuit n (G x G x G))/$*(i?Muit n (G x x G x x C x )). 

with G = C R as in the proof of Theorem 16.11 Recall that i?Muit consists of elements of the 
form (x, z\ x,y,y, z) C © t> © Z> © T) © t) © D, while G consists of elements (it, v) G D © t) with 
P2(AdrfV — u) =0. Taking the intersection of i?Muit with G x G x G imposes conditions, at 
(d,d',d") G D x D x D, 

(40) p 2 (Ad d z - x) = 0, p 2 (Ad d / y - x) = 0, p 2 (Ad d » z - y) = 0. 

Since the quotient map C/C 1 - takes (u, u) to £ = v — Ad^-i the quotient on the right 

hand side of ([39]) consists of elements ((, C") where 

C = z - Ad d -ipi(x), (' = y- Ad (d /)-ipi(a;), C" = z - Ad (d ,,)-i pi(y). 

with x,y,z G c) subject to the conditions (|40p . It is straightforward to check that these 
are related by (f38l) if d',d",d are the images of g',g",g = g'g" G Gi. Suppose now that 
((',(") G ker(Q Mu it) (at a given point (g',g") G Gi x Gi). The first equation in ([38]) 
(with £ = 0) shows that Q" G fli, and then the second equation shows that (' G gi also, 
with C," + Ad$(( s »)-i) pi(C') = 0- This gives the desired description of ker(QMuit)> while 
ran(QMuit) = 5 follows by dimension count using ([2"T]) . □ 
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6.3. Lagrangian splittings. Let e_ = 0i©0i, f_ = 02 ©02 be the Lagrangian splitting of 
U © Q discussed in Section [5T2l It defines the Manin triple (Ad, E-,F~) with E- = Dxe_ 
and F- = D x f_, and the corresponding Poisson structure 7r_. On the other hand, the 
splitting = 0i © 02 defines a Manin triple (A^, E, F) over G\, with E = G*i x Qi and 
F = G\ x g 2 - Let 7r G X 2 (Gi) be the corresponding Poisson structure. 

Proposition 6.5. The backward images of E-,F- under the Courant morphism P$ are 
E, F respectively. In fact, 

so i/ioi $ : Gi — > D is a Poisson map: tt ~$ 7r_ . 

Proof. For any Lagrangian subspace [ C (d ©ft), the backward image t°-P$|($(s),g) consists 
of all £ G D such that there exists £ G 0i such that ip(£,() ( c f- ([36]) ) lies in [. For 
[ = e_ = g\ © 0i, these conditions say that £ G 0i. For L = f_ = 02 © 02, the conditions 
say that £ = and £ G 02- This gives the desired description of the backward image. 
It remains to show that ran(P$) is the direct sum of its intersections with or 
equivalently that pr E (ran(P$)) C ran(P<j>). By definition, ran(i?$) consists of all elements 
C) with £ G 0i, ( £ ft- For any such element, the projection to E- is given by 

pr E (<p{t,o) = (-e,Pi(o - Ad 0(s -i)£) = ^(e,pi(o) 

since p 2 (Ad$( 3 ) Pi(C)) = 0. Thus pr s (v?(£, ()) G ran(i?$). □ 

Remark 6.6. By contrast, the backward images of E + , F + under P$ are both equal to E. 

Proposition 6.7. The forward image of E x E under the Courant morphism QMuit is E. 
Similarly the forward image of F x F is F. Indeed one has 

(E x E,F x F) ~Q Mult (E, F); 

in particular Mult : G\ x G\ — > G\ is a Poisson map. 

Proof. By ([38]) . we see that the forward image Qyixdx\(g, g ' , g ") ° ' (f° r 9' id" £ Glj 9 = </</') 
of any Lagrangian subspace t C X> © 5 consists of all £ = C" + Ad$f( fl /A-i)Pi(^'), such 
that (C'jC") e ^ satisfying the condition p2(Ad$( g «) £") = P2(C0- If t = 01 © 01 the extra 
condition is automatic, and we find that £ G 0i. If ( = 02 © 02 the formula for £ simplifies 
to £ = C" G 02, while the extra condition fixes £' as £' = P2 (Ad$( ff /n £") This shows 
(E x E,F x F) ~Q Mult F): Indeed the conditions (a),(b) from Definition 13.131 on 
ker(QMuit), ran(QMuit) are automatic since ker(QMuit) C ExE and ran(QMult) = G±xT>. □ 

References 

1. A. Alekseev, H. Bursztyn, and E. Meinrenken, Pure spinors on Lie groups, Asterisque (to appear). 

2. A. Alekseev and Y. Kosmann-Schwarzbach, Manin pairs and moment maps, J. Differential Geom. 56 
(2000), no. 1, 133-165. 

3. A. Alekseev, Y. Kosmann-Schwarzbach, and E. Meinrenken, Quasi-Poisson manifolds, Canad. J. Math. 
54 (2002), no. 1, 3-29. 

4. A. Alekseev and A. Malkin, Symplectuic structures associated to lie-poisson groups, Comm. Math. Phys. 
162 (1994), no. 2, 147-173. 

5. A. Alekseev and P. Xu, Derived brackets and Courant algebroids, Unfinished manuscript (2002). 

6. H. Bursztyn, G. Cavalcanti, and M. Gualtieri, Reduction of Courant algebroids and generalized complex 
structures, Adv. Math. 211 (2007), no. 2, 726-765. 



29 



7. H. Bursztyn, D. Iglesias Ponte, and P. Severa, Courant morphisms and moment maps, Math. Research 
Letters (2008), in press. 

8. T. Courant, Dirac manifolds, Trans. Amer. Math. Soc. 319 (1990), no. 2, 631-661. 

9. I. Ya. Dorfman, Dirac structures and integrability of nonlinear evolution equations, Nonlinear Science - 
theory and applications, Wiley, Chichester, 1993. 

10. V. G. Drinfeld, Quantum groups, Proceedings of the International Congress of Mathematicians, Vol. 1, 
2 (Berkeley, Calif., 1986) (Providence, RI), Amer. Math. Soc, 1987, pp. 798-820. 

11. S. Evens and B.Jones, On the wonderful compactification, preprint, 2008, arXiv:0801.0456 

12. S. Evens and J.-H. Lu, On the variety of Lagrangian subalgebras. I, Ann. Sci. Ecole Norm. Sup. (4) 34 
(2001), no. 5, 631-668. 

13. M. Gualtieri, Generalized complex geometry, [arXiv:m ath.DG/0703298| 

14. V. Guillemin and S. Sternberg, Some problems in integral geometry and some related problems in micro- 
local analysts, Amer. Jour. Math. 101 (1979), 915-955. 

15. P.J. Higgins and K. Mackenzie, Algebraic constructions in the category of lie algebroids, J. Algebra 129 
(1990), 194-230. 

16. Y. Kosmann-Schwarzbach, Jacobian quasi-bialgebras and quasi-Poisson Lie groups, Mathematical As- 
pects of Classical Field Theory (1991, Seattle, WA) (M.J. Gotay, J.E. Marsden, and V. Moncrief, eds.), 
Contemp. Math., vol. 132, 1992, pp. 459-489. 

17. , Quasi, twisted, and all that... in Poisson geometry and Lie algebroid theory, The Breadth of 

Symplectic and Poisson Geometry, Festschrift in honor of Alan Weinstein (J. E. Marsden and T. Ratiu, 
eds.), Progress in Mathematics, vol. 232, Birkhauser, 2005, mathSG/0310359, pp. 363-389. 

18. Z.-J. Liu, A. Weinstein, and P. Xu, Manin triples for Lie bialgebroids, J. Differential Geom. 45 (1997), 
no. 3, 547-574. 

19. J.-H. Lu and M. Yakimov, Group orbits and regular partitions of Poisson manifolds, Comm. Math. 
Phys. 283 (2008), no. 3, 729-748. 

20. K. Mackenzie and P. Xu, Lie bialgebroids and Poisson groupoids, Duke Math. J. 73 (1994), no. 2, 
415-452. 

21. D. I. Ponte and P. Xu, Hamiltonian spaces for Manin pairs over manifolds, Preprint, 2008, 
larXiv:0809.4070l 

22. D. Roytenberg, Courant algebroids, derived brackets and even symplectic super-manifolds, Thesis, Berke- 
ley 1999. |arXiv:math.DG/9910078| 

23. , Quasi-Lie bialgebroids and twisted Poisson manifolds, Lett. Math. Phys. 61 (2002), 123-137. 

24. M. A. Semenov-Tian-Shansky, Dressing transformations and Poisson group actions, Publ. Res. Inst. 
Math. Sci. 21 (1985), no. 6, 1237-1260. 

25. P. Severa, Letters to Alan Weinstein, http://sophia.dtp. fmph.uniba.sk~severa /letters/ 1 1998-2000. 

26. , Some title containing the words "homotopy" and "symplectic" , e.g. this one, Travaux Mathe- 

matiques, Univ. Luxemb. XVI (2005), 121-137, [arXivimath SG/0105080| 

27. K. Uchino, Remarks on the definition of a Courant algebroid, Lett. Math. Phys. 60 (2002), no. 2, 
171-175. 

28. M. Zambon, Reduction of branes in generalized complex geometry, J. Sympl. Geom. 6 (2008), no. 6, 
353-378. 

University of Toronto, Department of Mathematics, 40 St George Street, Toronto, On- 
tario M4S2E4, Canada 

E-mail address: dblcaid@math.toronto.edu 

University of Toronto, Department of Mathematics, 40 St George Street, Toronto, On- 
tario M4S2E4, Canada 

E-mail address: mein@math.toronto.edu 



